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Abstract— Nonlinear optimal control problems for trajectory
planning with obstacle avoidance present several challenges.
While general-purpose optimizers and dynamic programming
methods struggle when adopted separately, their combination
enabled by a penalty approach is capable of handling highly
nonlinear systems while overcoming the curse of dimensionality.
Nevertheless, using dynamic programming with a fixed state
space discretization limits the set of reachable solutions, hin-
dering convergence or requiring enormous memory resources
for uniformly spaced grids. In this work we solve this issue
by incorporating an adaptive refinement of the state space
grid, splitting cells where needed to better capture the problem
structure while requiring less discretization points overall.
Numerical results on a space manipulator demonstrate the
improved robustness and efficiency of the combined method
with respect to the single components.

I. INTRODUCTION

Autonomous systems have been in the past decades and
still are a significant subject of research in various fields,
ranging from industrial applications to autonomous driving,
from medical systems to space manipulators. In this paper
we consider the problem of designing collision-free trajec-
tories for dynamical systems, possibly subject to kinematic
constraints, and moving in cluttered environments. A long-
standing problem in robotics, such design is an important
task in many applications [1]. Expressed in abstract terms,
as a feasibility problem over the infinite-dimensional space
of trajectories, the task addressed in this paper is to find
states x: [0,T] — X, controls u: [0,7] — U, and final time
T > 0 that satisfy

(t) = f(2(t), u(t))
g(x(t)) <0
u(t) e U, z(t) e X
b(z(T)) =0, z(0) = zo
T S [ﬂnina Tmax]

ZI./'

Vte [0,T]
Vte [0,T]
Vte [0,T] (1)

with state and control bounds X C R"=, U C R"+, dynamics
f: X xU — R", nonlinear path constraints g: X — R,
final conditions b: X — R™, and bounds on the final time
Tnins Tmax > 0. An optimal control problem formulation is
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often preferred, including a cost function to filter feasible re-
sults according to application-specific preferences. However,
being obstacles the source of problematic nonconvexities in
the trajectory-optimization problem, in this work we focus
on reliable methods for seeking feasible trajectories.

The popular method of dynamic programming (DP) is
able to handle the constraints (1) and provide a solution
under mild assumptions, but suffers from the curse of di-
mensionality [2], [3]. Despite multiple attempts of lowering
its computational requirements, including enhanced sampling
strategies [4], [5], adaptive state space refinements [6], [7],
and massive parallelisation, DP is not yet applicable in
practice to high dimensional scenarios. In contrast, sampling-
based methods [8] such as Rapidly-exploring Random Trees
(RRT) [9] show good performance on larger state space
dimensions. Therefore, these methods are widespread, es-
pecially in the field of robotics, but kinematics or dynamics
are hardly incorporated [1]. Approaches based on solving
large-scale nonlinear programs (or systems of equations) are
also limited [10]. General-purpose optimizers like Ipopt [11]
and WORHP [12] can be highly sensitive to initial guesses
and provide, if any, a local solution. Since they additionally
tend to struggle with many nonconvex constraints, as those
for collision avoidance, several reformulations for specific
obstacle structures were presented [13], [14]. Numerical
approaches tailored to motion planning tasks are able to
improve robustness but remain sensitive to the quality of
user-defined initializations [15], [16]. To overcome these
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Fig. 1. Schematic overview of the proposed iterative scheme for motion
planning in constrained environments: low-dimensional collision-free way-
points from dynamic programming (DP) are mapped back to the original
dimension and tracked by a trajectory planned with nonlinear programming
(NLP). Possible collisions are integrated into the DP via a penalty term and
the DP state space grid is adapted, until convergence to a valid solution.
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difficulties, the approaches presented in [17], [18] combine
low dimensional graph-search and dynamic programming,
respectively, with gradient-based optimization in a higher
dimensional space, exploiting the strengths of the respective
methods. In a similar spirit, “to take the best of the two
worlds”, [19] brings together network and convex opti-
mization in a mixed-integer programming formulation for
a special class of motion planning problems.

Motivation: In this work we focus on the framework
proposed in [18], here referred to as Iterative Dynamic
and Nonlinear Programming (IDNP), which alternates be-
tween DP and nonlinear programming (NLP) to successively
improve the design relative to the original problem (1),
as follows. Exploiting a problem-specific lower-dimensional
representation of (1), the trajectory planning task is de-
composed into two coupled components: (i) the generation
of a sequence of low-dimensional waypoints and (ii) the
dynamically-feasible motion planning through these way-
points, via DP and NLP respectively. Seeking a collision-
free trajectory, waypoints leading to infeasible motions are
penalized, thus strongly coupling the two components. Way-
points enter into the motion planning task as path constraints
on the state [10], whereas the penalty reformulation in DP
follows from the theory in [20]. In [18] the state space
discretization for DP is precomputed and fixed, requiring
a reasonable initial sampling to cover the obstacles. To
better capture the environment with the penalty term, this
is adapted through the iterations but, because of the fixed
state space discretizations, cannot capture narrow passages in
between obstacles on coarse discretizations, thus inhibiting
the solution process. Moreover, this is especially an issue as
high-resolution sampling results in huge computational effort
for DP due to the curse of dimensionality.

Contribution: In this paper, with the goal of limiting
the memory and runtime requirements on fine grids and
enhancing convergence on coarse ones, we incorporate an
adaptive state space refinement strategy into IDNP, building
upon ideas presented in [6]. However, instead of formulating
a refinement criterion as a trigger for cell refinements, we
use the collisions detected in the trajectories planned by
the NLP block. We demonstrate on a space manipulator
numeric example improved robustness and efficiency of
the combined method compared to both the original one
presented in [18] and full discretization. Figure 1 illustrates
the overall structure of the proposed iterative scheme. Notice
how each component plays an important role: without DP,
NLP struggles with nonconvex constraints; without NLP,
DP is not practical for high dimensional systems; without
adaptive refinements, DP and NLP combined (as in IDNP)
require fine discretizations or may not converge.

Outline: We will detail the components of our approach,
sketching those of IDNP and highlighting the proposed
changes. Following [18], the low- and high-dimensional
problem representations are discussed in Sections II and III,
respectively. Then, the state space discretization and adaptive
splitting are considered in Section IV. Finally, numerical
simulations are reported in Section V.

II. Low DIMENSIONAL LEVEL

The DP method is capable of handling nonconvex con-
straints and providing a global solution, but suffers from
the curse of dimensionality [2], [3]. In this section we
briefly recall the formulation in [18, Section II] to apply
DP on a low dimensional representation of (1), with state
and control spaces W C R™» and V' C R"v, respectively,
associated to a suitable user-defined mapping 2: X — W.
The precise definition of 2 as well as of high- and low-
dimensional representations are problem-dependent. As a
prominent example, a robotic manipulator with 12 degrees
of freedom may be described with n, = 12, n,, = 3, and
Q its forward kinematics. The IDNP algorithm builds upon
a Low-Dimensional Problem (LDP) of the form

minim}icze M(w(Ty)) + p/Tf P(w(r))dr (LDP)

w,v,T 0

subject to (1) = f(w(r),v(r)) V7 € [0, 4]
v(r) eV VT € [0, 4]

U}(O) = Q(x0)7 Tf S [ﬂllianmax]

with state w: [0, 77] — W, control v: [0, 7] — V/, dynamics
f: W xV — R™, and a free final time 7. It includes the
inital condition of (1) using the dimensional mapping €2, and
the terminal conditions are encoded into the Mayer-type term
MW = Ry, M(w) = mingex {||b(z)]||Q(z) = w}.
Additionally, the penalty function P: W — R4,

P(w) := min {[|(z) — wl| + | max{0, g(=)}|}, @

accounts for the collision avoidance constraints, weighted by
a penalty factor p > 0.

A. Dynamic Programming

We discretize (LDP) with respect to time to obtain a
finite-dimensional transcription of this optimization problem,
which will then be tackled using DP. Let us consider a fixed
number of time steps M € N, and a set of time step se-

M-1
quences H := {h eRY| Y, hi€ [Tmin7Tmax]}7 each
defining a certain discrete time grid G, given by time points
T = Z;—:O hj,i=0,..., M. The resulting time-discretized
problem can be written as

M—-1

minimi’%e M(wp(Ta1)) + p Z hi P (wp (73)) 3)
ho U i=0

subject to wp(Ti41) = f_hi (wn(7i), vn (7)) V73, Tig1 € Gr

vp(1i) €V
’wh(To) = Q({Eo), heH

V1, € G,

with wy,: G — W and vy, : G, — V representing the state
and control approximations. The explicit Euler approxima-
tion of the dynamics is given by fi,(w,v) := w + hf(w,v).
As described in details in [18, Section 2.B] the method of



approximate DP is applied, based on the recursion

19(T]y[,w]y]) :M(U}M) (4)
o = i h
(e, wy) vh,eg(l}lfheH {p ¢P(wy)
2w

+Z%

defined for initial states z, € Gﬁ) and times v € G,
and control grid G,. To evalute the value function ¥ on
the state grid G, we employ an arbitrary interpolation,
represented by Hf“: W — G4 and 'y]“l: W — R,
returning respectively the j-th vertex of the containing cell
and its associated weight. In practice, the property h € H,
or 75 € [Timin, Tmax], can be guaranteed by setting bounds
on each timestep as Trnin/M < h; < Thax/M.

We stress that (3) stems from a time-discretization of
(LDP), whereas [18, Eq. 6] can be interpreted as arising
from the penalization of constraint violations on the time grid
G . Though motivated in different ways, both variants serve
their purpose for the low-dimensional planning, as reported
in Section V.

In contrast to the original IDNP of [18], here we define
a state grid for every time point, since they might have
different structures due to the adaptive refinements presented
in Section IV below. The convergence towards the continuous
problem attested in [18, Section 2.B], on infinitely fine time,
state, and control discretizations is left untouched. Notice that
in general it can be more efficient to have time-dependent, yet
adaptive state grids, because they can be much coarser than
in the uniformly sampled case. Once the optimal trajectory
{Tj7wj}j]\/i0 resulting from (4) has been computed, it is
mapped back onto the original space of (1). If feasible,
such collision-free sequence enters the NLP block, without
explicit formulation of the collision constraints; cf. Figure 1.

T fn, (we, vn0))) }

(we, o)) O (Tog, TT

III. TRAJECTORY GENERATION

While the adaptive state space refinement process requires
some changes to the DP block and interfaces of IDNP, the
trajectory planning block remains as in [18, Section III]. The
High-Dimensional Problem (HDP)

mixng)nTize J(x,u,T) (HDP)

subject to  @(t) = f(z(t),u(t)) Vte[0,T]
z(t)ye X, u(t) eU Vtel0,T]
pj(x(T1j/Tm)) =0 Vje{0,...,M}
z(0) = zo

T e [Tmina Tmax]a

accounts for the dynamics, initial conditions, and bounds of
the original problem (1). Additionally, state and control sets
X and U can encode general constraints, and could also
be coupled, as long as simple enough to be handled by
NLP solvers (e.g., convex sets described by inequalities).
While the objective function J: X X U X [Tinin, Tmax) — R
can reflect some user preferences, functions p;: X — R,

7 =0,..., M, represent the waypoint constraints. Their ex-
plicit formulation depends on the structure of the dimensional
mapping €2; the prominent example p;(z) := Q(x) — w; is
used in our numerical simulations.

Note that (HDP) is also a free final time problem. How-
ever, since the timestamped waypoints {7;, w;}12, from (3)
satisfy the time constraints by construction of H, it would
be possible to consider it fixed here, with T = 7. Despite
the issue of dealing with a free final time optimal control
problem, we prefer the formulation (HDP) to equip the
motion planning task with an additional degree of freedom.
Nonetheless, feasibility of (HDP) is still not guaranteed as
the waypoints could be outside the reachable set.

In order to apply off-the-shelf NLP solvers to (HDP),
the trajectory generation task is transcripted into a finite-
dimensional problem by discretization with respect to time.
Therefore, we introduce N >> M discrete time points
{t; 3N, respective state {x;}Y ; and control {u;}X ' ap-
proximations, and a discrete dynamlcs defined with respect
to an arbitrary approximation scheme. The waypoint times-
tamps {T'7;/7ar}}L, are embedded into the discrete time
points {¢;}¥, to directly encode the waypoint constraints in
the time-discretized problem. After solving a time-discretized
counterpart of (HDP), the solution trajectory {t;,z;}¥,
satisfies the relevant dynamics, state and control bounds,
and path constraints. Therefore, if the generated trajectory
happens to avoid obstacles, then it is a valid solution to
the original problem (1), up to the NLP discretization and
tolerance. Finally, notice that (HDP) can be addressed by any
techniques able to tackle optimal control problems with state
constraints, that is, not necessarily by full discretization; see
[10] for other approaches.

A. Space Mapping

In order to connect the low- and high-dimensional prob-
lems presented above, the mapping Q: X — W is used
to transfer points in the original space X to their low
dimensional representation in W. While €2 is well-defined,
e.g., via forward kinematics models, the inverse operation is
often ill-posed, requiring to determine the high dimensional
representation of a low dimensional trajectory. Problem

minimize o1 ||z — z;_1]|* + 02(1,0) o)
T,0

subject to Q(z) =w;, g¢g(z)<oc<0, z€X

is solved in IDNP to determine a state that belongs to
Q! (w;), if possible, is close to a given previous state
zj—1 € X, and has a large margin before violating the col-
lision avoidance constraints, with weighting factors o1, 02 >
0. As pointed out in [18, Section IV.A], solving this problem
recursively starting from zy € X reduces the issue of
multiple solutions and leads to more stable high dimensional
sequences {Tj,xj}j”io.

Although obstacle avoidance constraints are relaxed and
penalized, with the goal of promoting collision-free config-
urations, problem (5) can be infeasible if the waypoint w;
is not reachable with the forward mapping (2. For instance,



many robotic manipulators have limited reachable regions
because of their mechanical construction. If this is the case,
that is, if a waypoint w; selected by DP is deemed infeasible
at this stage, then the corresponding point in the state grid
GJ, is penalized in (LDP) via P to discourage its selection at
the next DP call. A similar procedure is applied if a trajectory
point x; from (HDP) is not collision-free. In [18, Alg. 1, Step
10], such penalization would be distributed onto neighboring
state grid points, without affecting the state grid itself. In
contrast, here an infeasible inverse mapping problem triggers
a direct call to the grid adaptive refinement, as illustrated in
Figure 1 and discussed in the following section.

IV. ADAPTIVE GRID REFINEMENT

Deviating from the IDNP algorithm of [18], we replace
the penalty adaptation therein with adaptive refinements of
the state space grid. In this way, instead of lumping penalties
together, constraints are better captured by the penalty land-
scape thanks to additional evaluation points, located where
needed. In fact, the state space can initially be coarsely
sampled and fine obstacle structures will then be recognized,
if of interest, steering convergence to feasible trajectories.
For reference, we apply the adaptive mesh approach from [6]
instead of the penalty approximation in [18, Section IV.B].

As pointed out in Section II, we consider state space grids
{GJ,})L, dividing the admissible space into cells {CJ, }1L,,
for each discrete time step of the DP algorithm. Allow-
ing arbitrary grid structures, we consider some functions
Ci:W — CJ and SJ:CI — P(W), j = 0,..., M.
The former map a certain point to its corresponding cell,
while the latter are splitting operations, with potential set P,
returning the grid extended with the points resulting from
the splitting of a specific cell. For a detailed discussion we
refer to [6, Section III], where the explicit definitions for the
case of n-dimensional cube grids are also presented.

As depicted in Figure 1, the grid adaptation process is
called in two cases, and with two types of input. On the
one hand, the inverse mapping hands over sets {74, w; }_,
of K € (0, M] waypoints deemed infeasible. On the other
hand, the NLP optimized trajectory has K € (0, N] points
{t, zx}1_, that are not collision-free. In the latter case,
the points are transferred to the DP space applying the
forward dimensional mapping €2, at time 7, = 7t /7T and
space wy, = () respectively, such that a low dimensional
sequence {7y, wy }5_, is generated.

Let us focus now on the refinement evoked by an infeasible
timestamped waypoint {7y, wy}. First, we find the unique
time index j € N from G, such that 7,_; < 7, < 7.
Then, in order to maintain the Markov property for (LDP),
as recommended in [18, Section IV.B], both grids 7—1 and j
will be refined, as in IDNP for the penalty adaptation. There-
fore, the set of cells selected for refinement is identified by
collecting all cells containing at least an infeasible waypoint,
namely

K, = {c|3{r,w} € {7, wi Y,
c=Cl(w),T € [rj_1,7j41]}. (6)

Finally, the state grids for the next DP evaluation within
IDNP are updated according to G, < U,y S7,(c). While
Figure 2 illustrates the adaptive splitting process, Algo-
rithm 1 outlines the overall iterative procedure; compare
Figure 1 and [18, Alg. 1].
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Fig. 2. Splitting process of 2D grid Gﬂ, (black) with additional points
after update according to [6] (blue), due to the collection of waypoints in
collision {7y, wk,}fzo (green) and those belonging to this grid K7, (red).

Algorithm 1: IDNP scheme with grid refinements

M
7=0° GU

1 Initialize state and control grids {G7,

2 while true do

3 {wj,vj, b} < (LDP) with grids G,

try {a;}72, < {w;}}L, by (5)
build {p;} 11,

catch {wy.} o C {w;}}L, with (5) failed at wy,
go to Step 11

{ti, Xi, Ul},f\io < (HDP) with {p] g\io

if Vi e {1,...,N} g(z;) <0 then return

0 | {webly € {Q(2) Y, with g(zx) >0

| G+ U, Si(c) by (6)

E=T- N B LY N

V. NUMERICAL TESTS

In order to numerically demonstrate the capabilities of
our approach, we apply it to the trajectory planning task
of a robotic manipulator within a space application and
compare the results to the original IDNP [18] as well as
to a full discretization approach using Ipopt [11]. The task
is challenging due to the many degrees of freedom and the
highly nonlinear dynamics. Notice that a comparison with
pure DP, including splitting or not, is impractical due to the
curse of dimensionality.

A. Implementation

We implemented Algorithm 1 and the original IDNP in
C++. Ipopt version 3.14.12 [11] is used, in combination
with HSL linear solvers [21] and the Ifopt interface version
2.1.3 [22], to solve the auxiliary problems (HDP), (2), and
(5). Further, we adopt the automatic differentiation tool
autodiff v1.0.3 [23] to estimate the derivatives required
when solving (HDP). To limit the cases where we observe
nonzero penalties from local optima at feasible regions,
we initially solve a problem without cost function holding
solely the collision avoidance and mapping constraint and
afterwards use its result as an initial guess on solving (2).
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Fig. 3. Illustration of the satellite body with robotic arm. The coordinate
axes of the satellites inertial frame I are highlighted.

All the results presented were executed on an AMD Ryzen
Threadripper 3990X system with 256 GB RAM.

B. Problem

We consider the model of a free-floating satellite with a
two link robotic arm attached, see Figure 3. Its 9-dimensional
configuration ¢ = {¢, 0} comprises the satellite body’s pose
q € RS, with respect to the inertial reference frame I, and
the joint angles of the robotic arm # € R3. The satellite-
arm system is acted upon with controls % € R?, each one
associated to a degree of freedom. Instead of considering
a fully free-floating system, we simplify the robotic arm
dynamics, approximating them with double-integrators, as
6; = ui+¢ for ¢ = 1,2, 3. Each body’s pose with respect to [
is determined using the robotic arm’s forward kinematics.
Subsequently, (translational and rotational) velocities and
accelerations are obtained using the first and second time
derivatives. For the remaining degrees of freedom, Lagrange
mechanics yield the equations of motion [24] in the form

M (q,q) 4= (4,4 uq),
with mass matrix M € R®*6 and satellite control signals
’leq = {Ul, ce ,Ug}.
In view of (1), we define the state vector of our second-
order satellite model as z := {g, ¢} € R'®, with control u :=

% € R? and include the equations of motion into the multi
dimensional dynamics function, defined component wise as

filz(t),u(t)) = z(t)ito i=1,...,9
Filz(t),u()) = M~ f(z(t),u(t))  i=10,...,15
Fila(), ut)) = u(t)i_o i =16,17,18

To complete the geometric information provided in Figure 3
we fix the satellite body’s depth to 0.4m, its mass to 50kg and
its inertia diagonal matrix values to {1.71,1.71,2.08 }kgm?.
Accordingly, the cylindric robotic links have a radius of
0.05m, diagonal inertia entries {0.006,0.107,0.107 kgm?
and a mass of 5kg each. We limit the state and control
according to Table I and the time bounds with T},;, = 0Os
and 1y,. = 500s.

In addition, we consider four rectangular static obstacles
in our environment, illustrated in Figure 4. We formulate the
collision avoidance constraint as in [18, Eq. 13], based on the

TABLE I
STATE AND CONTROL BOUNDARIES.

qmin q~max q;ﬂin tﬂnax ﬂmin Umax Wmin Wmax Umin Umazx
[m] [m] [m/s] [m/s] [N] [N] [m] [m] [m/s] [m/s]
-1.0 150 -05 0.5 -1.2 12 -1.0 150 -0.04 0.04
-5.0 50 -0.5 0.5 -2 12 =50 5.0 -0.04 0.04
-1.0 150 -05 0.5 -1.2 1.2 -1.0 150 -0.04 0.04

[rad] [rad] [rad/s] [rad/s] [Nm] [Nm]
- oo -m/6 w/6 -15 1.5
147 147 /6 7/6 -15 L5
oo -m/6 w/6 -15 15
/2 7w/2 -w/10 w/10 -1.0 1.0
-t 00 -7/10 wx/10 -1.0 1.0
-w/2 w/2 -x/10 w«/10 -1.0 1.0

signed distance between polygons and using a safety bound
€ = 0.01lm. We formulate the final conditions as

bo(x) = amax{||Q(x) — W] — r,0}

bi(LE):IH_g 221,79

with by returning the positive distance to the goal TCP point
Weet = {12.0,0.0,1.0}m, scaled by parameter o = 10°, and
zero on a ball with radius » = 1m around it; see Figure 4.
The other components of b demand zero final velocity.

C. Setup

To solve the above problem using Algorithm 1 we choose
function € to represent the forward kinematics of the satel-
lite, mapping a 18-dimensional configuration to the corre-
sponding 3-dimensional tool center point (TCP) position.
We initially discretize the DP state and control space within
the bounds presented in Table I into 10 points along each
dimension as well as 10 points on the discretization of
the time step size h;. We set the dynamics function to
f(w,v) = v, the penalty scaling factor p = 40 and consider
M = 20 DP time steps. For the inverse space mapping (5),
we set parameters g; = po = 1. We follow the arising
waypoints using p;(x) = Q(z) — w; as well as a minimum
effort objective J(z,u,T) = [, [lu(t)|3dt in (HDP),
discretizing with an equidistant grid with N = 200 time in-
tervals, piecewise constant control parametrization, and finite
difference approximation of the dynamics with trapezoidal
rule. To realize the adaptive grid refinement, we use the cube-
based grid structure proposed in [6] along with its respective
cell identification and splitting operators. In the experiments,
we took the lower part of the initial state space grid e.g.
{10, 10,4} points and tried to solve (5) on each of them.
On success, we used the resulting configuration gy to form
an initial condition zy := {go, 0} and solved the respective
problem using (at most) 15 iterations of Algorithm 1 and
IDNP. After adopting the discrete-time version of (LDP)
without the stepsize in the objective approximation, as in
[18, Eq. 6], we repeated these experiments with (3) for both
Algorithm 1 and IDNP.

Finally, to compare against a full discretization approach,
we take 6 samples, distributed among the space of initial
positions, where Algorithm 1 was able to terminate (on the



first set of experiments). Discretizing (1) as for (HDP), the
resulting zero-objective NLP is given to Ipopt, initialized
either from a zero guess or with a collision-free path obtained
using the RRTConnect implementation from OMPL [25].

+ Initial Grid °
+  Added Grid Points Iter 0
Added Grid Points Iter I @

Waypoints Iter 0
Waypoints Iter 1
Waypoints Iter 2

+ + + +

Fig. 4. Illustration of state space grids and waypoints at DP iteration 6
resulting from iterations 1, 2, and 3 of Algorithm 1 using initial condition
Go = {—0.2,-0.14,-0.68,—0.49,0.34,0.43,0.13, —0.02,0.1}. The
goal region (light blue) as well as the obstacles (gray) are highlighted.

D. Results and Discussion

The waypoints resulting from the first three iterations of
Algorithm 1 and a certain initial condition are illustrated in
Figure 4. In the first iteration, since there are no collision-
free grid points in the narrow passage, the points cross the
obstacles at the region of smallest penalty, namely where
there is minimum overlap. As shown in Figure 4 the addition
of state space points quickly results in a sampling of the
gap between the obstacles, leading to feasible waypoints
at iteration 2 and finally to a collision-free trajectory. In
contrast, the original IDNP was not able to provide a feasible
solution. Evaluating 254 initial conditions in total, IDNP
provided solutions in 132, and our algorithm in 163 cases.
We did not observe any case where IDNP was able to find
a solution but our algorithm was not. Similar (albeit not
identical) results were obtained in the experiments with the
discrete-time version (3) of (LDP). Finally, Ipopt was able
to solve only 4 of the 6 problems when starting from a zero
initial guess, while it managed to solve all of them when
initialized with collision-free paths. We therefore numerically
demonstrated the improved efficiency and robustness of our
algorithm, due to its enhanced capability to provide feasible
solutions, compared to the original IDNP and a trivially
initialized full discretization approach.

VI. CONCLUSIONS

In this work, we proposed a method combining dynamic
programming, direct optimal control techniques, and adaptive
refinement of state space discretizations to solve a trajectory
planning problem with obstacle avoidance. Compared to
adopting these techniques separately, enhanced robustness
and efficiency of our method stem from the grid refinements,
leading to improved convergence and computational scalabil-
ity. These achievements are numerically demonstrated on a
trajectory planning task for a satellite manipulator system.
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