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Setting

Problem

Let f : H — (—o0, +00] be a proper, lower semicontinuous function on a Hilbert
space H. We want to solve

minimize  f(x).
inimiz (x)

The proximal operator of f with parameter v > 0 is

: : L 2
prox.¢(x) = arg min {f(u) + Z”U —x|| } .
For f uniformly prox-bounded, prox. is well-defined for all v € (0,~¢).

For f convex, it is also single-valued and nonexpansive.



Proximal Point Algorithm (PPA) [Roc76]
Starting from xg € H, iterate

Xk+1 € proxwf(xk), k=0,1,2,...
with step sizes vy, > 0.

Interpretation as a fixed-point iteration.

Convex f:
Xk4+1 = Prox, ¢(xk), k=0,1,2,...

x* € argminf <= x* € prox,¢(x*) <= 0 € If(x")
In general, there is a hierarchy [TSP18]
x* €argminf = Jy > 0: x* € prox,(x*) = 0 € 9f(x")

optimality = ~-criticality = stationarity



Interpretations: Operator theory
Consider f convex and its subdifferential operator Jf:

Of(x) = {y|f(z) > f(x) +y " (z — x) for all z € dom }.
The point-to-set mapping Of takes each point x € dom f to the set Of(x).
Examples: f:=|-|and f =41 1.

Any point y € Of(x) is called a subgradient of f at x. When f is differentiable, we
have 0f (x) = {Vf(x)} for all x.

We use the limiting (Mordukhovich) subdifferential Of when f is nonconvex. For
convex f, Of = Of. Example: f = —|-|.

Characterization for convex f

. 1
x = proc, (1) = argmin { £(2) + 3z~ I}
— 0€df(x)+ % = x = ([+10f)"(y).

Monotone operator theory: (I+v0f)~1 is called the resolvent of vOf.



Monotone Operator Viewpoint
For convex f, the subdifferential Of is a maximally monotone operator:

(u—v,x=y) =0 V(x,u),(y,v) € gph(9f).
The proximal step is the resolvent of Of:
Dor = (I —i—)\@f)_l = proxys -
Hence the PPA solves the inclusion x € zer(T), namely

find x € H such that 0 € T(x),

for a maximally monotone operator T = Of, by iterating
X1 = In, 7(Xk)-

No convexity of f is required — only monotonicity of T, or less! [EPLP25]



Key Properties of the Resolvent

Let T be maximally monotone. The resolvent Jy7 := (I4+AT)~! satisfies:

> Single-valuedness and full domain: J,7 : H — H is well-defined everywhere.

> Firm nonexpansiveness:
17 (x) = AT < (hr(x) = hr(y), x = y).
» Firm nonexpansiveness = nonexpansiveness:
[ A7 (x) = D)l < [lx =yl

» Cayley—Minty theorem: Fix(J\7) = zer(T).



Convergence: Exact Steps

Theorem [Roc76]

Let T be maximally monotone and zer(T) # 0. If Y22 Ax = 400, then the sequence
(xk) generated by

X1 = In 7(xx)

converges weakly to a point x* € zer(T).

Remarks:
» Weak convergence is tight in infinite dimensions (strong convergence can fail).
> Strong convergence holds if T~1 is single-valued (e.g., f is strictly convex).

» The condition > Ay = oo prevents step sizes from vanishing too fast.



Convergence Rates and Inexactness

Sublinear convergence in general, even for convex f.

Under stronger assumptions

> Strong monotonicity/convexity: linear convergence ||x* — x*|| < pK||x® — x*|.

> Polyak—tojasiewicz / error bounds: local superlinear, or even quadratic
convergence, with geometrically growing A.

Inexact PPA. [Roc76] allows summable errors | e¥||:

(e ]
XK gy 7 (x5, Z le¥|| < oo
k=0

where ek == xkT1 — Jy, +(x¥).

Weak convergence is preserved. Many other criteria [Luq84, SS00, SV12].



Error Bounds: A short detour

minimize  f(x) subjectto h(x) =0

Imagine our favourite solver returns x*, declaring that the stationarity conditions are
satisfied to within £ = 1079 and that ||h(x*)| < 107,

Questions

Is x* close to the set of optimal solutions? Is x* close to the set of feasible solutions?

Not necessarily!
forward error # O(backward error) -X

» Solvers can only compute the residuals, ||h(x*)]|| for instance, (backward error)
P but true distance to the feasible region is hardly computable! (forward error)
Error bounds provide relations between forward and backward errors.
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Interpretation: Proximal Minimization

Evaluating prox, at points x moves them
to the corresponding z points.

x in the domain of f stay in the domain
and move towards the minimum of the
function.

The other two move to the boundary of
the domain and towards the minimum of
the function.

The parameter ~ controls the trade-off
between

» points towards the minimum of f

» and points closer to x.
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Interpretation: Trust Region

Given some v € R”, a trust region (TR) subproblem has the form

minimize f(x) subjectto |x —v|| <A
xeR"

where A > 0 is the TR radius. Typically, f is an approximation/surrogate/model for
some true objective. Larger radii A reflect confidence in our model (around v).

The proximal subproblem

x€eR"

1
minimize  f(x) + > Ix — v|?

is not too different:
» same two functions of x, f and ||x — v||,

» but the TR constraint becomes a proximity-promoting penalty.

Roughly speaking, same solutions for appropriate choices of A and v [PB14]
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Interpretation: Discretized dynamical system
The simplest algorithm to solve a smooth optimization problem

minimize  f(x)

dates back to Cauchy (1847). It is the well-known gradient descent method:

X1 = X — YV F(xk)

where v, > 0 is the step size. It is the explicit Euler discretization of the gradient flow:

“Gradient flows and proximal splitting
methods” [FRV21]:

Several well-known optimization methods
arise as dicretizations of the gradient
flow. [...] Therefore, these optimization
methods consist of actual simulations of
a classical dissipative physical system.

x = =Vif(x).

gradient flow

i = —Vo(z)

. . . ‘Q
discretization's,

7 — 00

Ry £

Newton’s equation
with dissipation

Z +n(t)z = —Vo(z)

optimization methods
gradient descent, proximal gra-
dient, forward-backward, Tseng
splitting, ADMM, Douglas-
Rachford, Davis-Yin, ...

nonaccelerated

o'. . .
.- discretization
.

accelerated
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Interpretation: Discretized dynamical system

The nonsmooth optimization problem

minimize  f(x)
x€EH

leads to the differential inclusion
x € —0f(x).
The implicit Euler discretization yields

X1 — Xk € —YkOf (Xk11)

—  0€If(xup1) + % —
k

Proximal methods are also called backward schemes [Ban14]

Xk+1 € proxwf(xk)
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Nonsmooth (nonconvex) examples
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Nonsmooth convex examples

Let us minimize ||x||1 and ||x||.

First, compute prox of #1 and /5.

prox,.|(x) = {

prox. . (x) = {

[link to tutorial: PPA]

0 if [x] <7,
x —sign(x)y if [x| > .
0 if [Ix]| <,
(1 - ”%”) x if x| > .
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Nonsmooth nonconvex example

Let us minimize ||x||o.

First, compute prox of £.

0 if x| < /2y
pI’OX,\/HO(X) = {07X} if ’X‘ =v2y
X if x| > /2y

[link to tutorial: PPA]
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Solving QPs with PPA
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Quadratic programming
What are convex QPs?

1 .
minimize —x' Qx + qu subjectto (< Ax<u
xERN 2

WhereQiO,AERmX”,é,ueﬁm,Egu

Applications: regression, portfolio optimization, linear MPC, optimal transport, ...

Recent works/solvers involving proximal methods:
> QPNNLS PROX [Bem18]
> OSQP [SBGT20]
> FBstab [LMK20]
> QPALM [HTP19, HTP22], QPDO [DM21], ProxQP [BSEK™25]
> IP-PMM [PG21], PS-IPM [CG23], PIQP [SJKJ23], Odyn [RPM*26]
» complexity/certification [ABA20, KITB24]
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Equality-constrained QP

1
minimize =x' Qx+x'q subjectto Ax=b
x€R" 2

=:f(x)

Lagrangian function
ZL(x,y) = f(x) +y (Ax = b)

KKT conditions

- (550) - (525) e

Just a linear system, so easy and yet nontrivial!
Q ATl (x\ _ (-4
A . y)] \Ub
Why?

» non-strict convexity: @ not positive definite.
» redundant constraints: A with linearly dependent rows.
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What would PPA do? Why would it help? Inherent regularization
Let's solve the inclusion 0 € 7(x,y) with PPA. Denote z = (x, y).

resolvent: Jyr = ([4HT) 7t
PPA: Zkr1 = Jy 7 (21)
I+ =z — T(2)+2= - %~ o
K

PN (Vf(x)+ATy)+1(x—xk) _o
b— Ax Ve \Y — Yk
1 T 1
Q+77H A X _ —q + ATkH . Xk
A I \y b - I \wk

forall @ =0, Ae R™ and ~, > 0.
The LHS matrix is SQD, hence the linear system always admits a unique solution.

PPA on EQP = iterative refinement for solving the (unregularized) linear system.
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EQP examples: when everything is all right
N 1 5 .
minimize §(x1 + x2)° subjectto x3 —xx=0
X

Unique solution: x* =0; y* = 0.

Linear system

0 AT /x 11 1], 0 L
A . =1 1 -1 =0 = b
y 1 y 0
= unique solution x = (0,0), y = 0.
[link to tutorial: QP]
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EQP examples: redundant constraints
Same objective, double the constraints:

1
minimize §(x1 +x2)2 subjectto x1 —x =0, x1—x =0
X
Solution: x* = 0; y* € R? s.t. yf +y5 =0.

Q—E ﬂ q‘(8>’ A_E :ﬂ b_(8>

Linear system

1 1 1 1 0

Q AT (x\ [t 1 -1 —1|/(x\_|0] _[-q

A - |J\y) |t -1 0o of|\y) |of \»
1 -1 0 0 0

= unique solution x = (0,0), non-unique y s.t. y; + y» = 0.
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EQP examples: non-strict convexity

1
minimize E(Xl — x)?

subjectto x3 —xx =0
X

Solution: any x* € R? s.t. x{ = x3; y* = 0.

1 -1 0
o= |4 . a=(5). A= -1 6=
Linear system
Q0 AT /x 1 -1 1 « 0 g
A =|-1 1 -1 =(0] = b
Y 1 -1 0|V 0
= non-unique x s.t. X3 = x2, unique solution y = 0.
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General convex QPs

minimize =x' @x+x'q subjectto Ax¢€[l,u] = C

x€R"

=:f(x)

= inimi f 0 bjectto Ax—w =0
minimize (x) +dc(w) subjectto Ax—w

Seek to solve the KKT inclusion via PPA. What is the proximal subproblem?
A regularized QP:

2
Yk

Yk

1
minimize  f(x) + =—||x — x||* + 5

x€ERM sERM 2vk
subjectto (< Ax+s<u

A triumph of regularization: always feasible, linearly independent constraints, strictly
convex.

Solvers exploit this! [HTP19, LMK20, DM21]
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Connection to ALM
Equality-constrained NLP

minimize f(x) subjectto ¢(x) =0 (ENLP)

x€eR"

PPA subproblem for KKT inclusion: find (x, y) such that

(wm +Jc(x>iv> e ] (—) .

—c(x) AT
{o = VF(x) + Je() Ty + L (x = x)
0=c(x)+ - (vk = ¥)

Formally solving for y = yx + vxc(x), it remains to solve

0 = VF(x) + Je() Ik + ()] + L (x — x¢)
The RHS can be seen as the gradient of

L (55X W) = F(X) + v €00) + E eGP + 55 1% — x|

which is the proximal augmented Lagrangian function of (ENLP)
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PPA: Splitting methods and more

Proximal point methods: high-level framework, abstract and flexible
Very active area of research, especially in the convex setting (deep theory, strong
guarantees)

Interesting even for simple problems: convex QP.

More general problems: conic and semidefinite programming. Solvers SCS
[OCPB16], ProxSDP [SGV20], COSMO [GCG21], Clarabel [GC24].

Generic acceleration scheme SuperMann [TP19] (Anderson, BFGS, ...).

Characterization for convex composite problems [DMHM?25, ACT25]:

minimize f(x) + g(c(x)).
Gradient-antigradient flow for NLP [BGPG20, PB21]
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Still active area of research

[LT25]: “We study the proximal point algorithm when the operator of interest is metrically
subregular and satisfies a submonotonicity property. The latter property can be viewed as a
quantified weakening of the standard definition of a monotone operator. Our main result gives
a condition under which locally, the proximal point algorithm generates sequences that are
linearly convergent to a zero of the underlying operator.”

[ACT25]: “This work investigates the convergence behavior of augmented Lagrangian methods
when applied to convex optimization problems that may be infeasible. [...] This study
leverages the classical relationship between ALMs and the proximal-point algorithm applied to
the dual problem. A key technical contribution is a set of concise results on the behavior of the
proximal-point algorithm when applied to functions that may not have minimizers.”

[DMHM25]: “This paper is concerned with augmented Lagrangian methods for the treatment
of fully convex composite optimization problems. We extend the classical relationship between
augmented Lagrangian methods and the proximal point algorithm to the inexact and
safeguarded scheme in order to state global primal-dual convergence results. Our analysis
distinguishes the regular case, where a stationary minimizer exists, and the irregular case,
where all minimizers are nonstationary.”
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