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Problem Class
We study structured minimization problems:

minimize  f(x) + g(x),

x€R"

where f,g: R" — R are proper, Isc, convex.

Motivating examples
» f smooth (least-squares, log-likelihood)
» ...+ g nonsmooth regularizer (e.g. ¢1, nuclear norm, indicator)
» Feasibility problems: f = d¢, g = dp (find x € CN D)

Why not just gradient descent?
» f,g may not be differentiable (e.g. || - |1)
> Subgradient methods converge slowly: O(1/v'k)
» Proximal methods exploit structure and attain O(1/k) or linear rates



Convex Analysis Recap
Subdifferential
of(x) ={g : f(y) = f(x)+(g,y—x) Vy}. Proximal mapping
Optimality: 0 € 9f(x*) + dg(x*). 1
proxys(v) = arg min {f(x)—&—ﬁ lIx — VH2}

. . €Rn
Conjugate function "

f*(y) = sup, (y, x) — f(x). Properties
Fenchel: f** = f, » Single-valued
y € 0f(x) <= x € 9f*(y). » Firmly nonexpansive:

[Iprox(x) — proxye(v)1?
< {x =y, proxy¢(x) — proxye(y))
> Fixed points:
Every convex proximal algorithm is a prox,s(x*) = x* <= 0 € Of(x*)

special case of a monotone operator > Resolvent interpretation:

splitting or a fixed-point iteration of a proxys = Jhor = (I+AOF) 7L
nonexpansive map.



Operator Splitting: A Big Picture

Goal: solve 0 € (A + B)(x) using A and B separately.

Method Setting

Requirements

Forward-Backward A=0f, B=Vg
Douglas—Rachford A=0f, B=0g
Peaceman—Rachford A = 0f, B=0g
ADMM structured splitting
Davis-Yin A+B+C

A cocoercive

both maximal monotone
both strongly monotone
DR on dual

C cocoercive

Key operators:
> Resolvent of A: Jha = (I+AA)7!
> Reflected resolvent: Rys =274 — 1



Alternating Projections and Douglas—Rachford




Alternating Projections

Feasibility problem: find xe CND, C,D CR" closed convex sets.

Method of Alternating Projections (MAP)

k+

x**1 = proj¢ (projp(x*))

» von Neumann (1950): proved convergence for closed subspaces; linear rate
cos? § where 6 is the Friedrichs angle between C and D

> General convex sets: converges, but rate can be arbitrarily slow (angle may be 0)



Alternating Projections: Geometry and Rates

Friedrichs angle 6 (between subspaces)
Rate of MAP: ||x* — x*|| = O(cos*0)

Pathology: two convex sets tangent at a
point ’
= 6 =0, sublinear convergence

Remedy: Douglas—Rachford [DR56],
circumcentered reflections, RAAR (relaxed
averaged alternating reflections).

Amongst many ways to improve the convergence rate of the method of alternating
projections, one can ‘overproject’ by pushing the projection beyond the boundary of
the closed convex set. An extreme version of such an overprojection is a reflection in
the hyperplane perpendicular to the direction of the projection.

from “Douglas—Rachford is the best projection method” [DDLR23]



Douglas—Rachford Splitting: Derivation
Problem: minimize, f(x) 4+ g(x) (no smoothness required on either term).
Optimality condition: 0 € Of (x*) + dg(x*).
Algorithm: Douglas—Rachford (DR)

X4 = proxy (24)
yht = prox (2karl —zM
ZHHL Z Gk g kL ke

Both x* and y* converge to the same primal solution x*.
DR operator: introduce auxiliary variable z and iterate

1
2 = 5(]1 +Rrog © Raof) 2

Tor
where R =290 — L.



Douglas—Rachford: Geometric lllustration

One DR step from z*:
1. xk*t1 = prox, £(z¥) o
2wkl — oxk+1 _ Sk °
3.y = prox,  (w* 1) .
4. ZKHL = ZK g (pkHL kL
(midpoint update) o

At convergence: x*° = y>® = x*.

Fixed point: shadow z* satisfies
RrogRrorz™ = z™°.
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Douglas—Rachford: Convergence Analysis

DR does not require f or g to be differentiable—both are accessed only through prox, ¢
and proxy,.

Operator viewpoint: Tpg = %(]I +RrogRrof)

» Rrof, Rrog nonexpansive = Tpr is %-averaged nonexpansive.

k

P Krasnosel'skii-Mann theorem: z* converges to a fixed point z*°.

> At z%°: x*° = prox,((z>°) solves the original problem.

Convergence rates

k+1

» General convex: O(1/k) on the fixed-point residual Hz zkH2

> f or g strongly convex: linear (geometric) convergence
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DR vs. Peaceman—Rachford
Peaceman—Rachford (PR) uses the full reflection without averaging:

k+1 K
2Tt = Ry9,Roorz

Douglas—Rachford Peaceman—Rachford
Operator %(H -I-R)\ag'R)\af) RrogRrof
Convergence (general) Guaranteed (averaged) Not guaranteed in general
Convergence (strongly convex) Linear Linear, faster constant
Oscillation behaviour Damped Can oscillate

Relaxed DR: Replace the z-update by z¢*1 = zK 4 2a(y**+1 — xk+1) o € (0,1).

o= % gives DR; a — 1 recovers PR.
Over-relaxation (« > 0.5) often accelerates in practice.
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Augmented Lagrangian and ADMM
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Augmented Lagrangian Method
Constrained problem:

minimize f(x) subjectto Ax=b

Standard Lagrangian: Z(x,y) := f(x) + (y, Ax — b)
Augmented Lagrangian (p > 0):

0
Zyloy) = F() + (y, Ax = b) + £ | Ax — b2

Method of Multipliers [Hes69, Pow69]:

k+1

XK = arg min .Z,(x, y¥)
X

yk+1 — yk + Q(AXkJrl - b)

» Dual update = gradient ascent step on the augmented dual function
» Converges even for fixed finite ¢ (no need g — o)
P> Limitation: x-minimization is a joint problem—no decomposition
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From Augmented Lagrangian to ADMM
Two-block separable problem:

minimize f(x)+g(z) subjectto Ax+Bz=c
Augmented Lagrangian:
Ly(x,z,y) =f(x) +g(z) + (y,Ax+ Bz —¢c) + g |Ax + Bz — c||?
Key idea: instead of jointly minimizing over (x, z), minimize block-wise and only once.

ADMM (Alternating Direction Method of Multipliers) [GM75, BPC'11]:
2

0 y¥
X1 = argmin f(x)+ = ||Ax + Bz" — c + >
X 2 0
k112
2K = argmin g(z) + g ‘ Akt 4Bz — e+
z o

yk+1 — yk + Q[AXk+1 + sz+1 - C]
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ADMM as Douglas—Rachford on the Dual
Theorem [GM76, EB92]: ADMM is equivalent to DR applied to the dual problem.

Simplified case: A=1, B= —1, ¢ =0: minimize,, f(x) + g(z) s.t. x—z =0.

DR on f and g(x) := g(—x) gives exactly the ADMM updates:

xk+l = proxgqf(zk — o7 1yk
2 = pronglg(xk+1 +o071yk)

R Y

Consequences:
» All convergence guarantees of DR carry over to ADMM

» The dual variable y*/o plays the role of the DR shadow variable z¥
» Over-relaxation on x**1 (with ax**! + (1 — a)z*) corresponds to relaxed DR
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ADMM: Convergence

Assumptions: f, g proper closed convex; A full column rank (or suitable constraint
qualification); problem has a solution.

Primal and dual residuals:
r”,‘ = Ax¥ + Bz — ¢ (primal), rk = pATB(z¥ — 2571)  (dual)
Stopping criterion: Hr,fH < ep and ||rk|| < ea.

Convergence results [BPCT11]:
» Primal / dual residuals: rﬁl,‘ — 0, rk—0.
> Objective value: f(x*) + g(z*) — optimal value.
» Dual variable: yk — y*.
> Rate: O(1/k) in general; linear if f or g is strongly convex.

Parameter p: Adaptive scheme for practical speedup ~~ rescale when unbalanced:
020 if Hr,’;H > 5Hr§H7 0 0/2 if Hré‘” > 5Hr,’;H.
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ADMM: Distributed / Consensus Form
Global consensus:

N N
minimize E fi(x) = minimize E fi(xi) subjectto x;=2z Vi
X XirZ
i=1 i=1

ADMM updates decompose over agents:

N

k1 kK ok k1 1 k1, K K41k, ok+1  _k+1

Xi = prOXp—lﬁ_(Z —U,' )7 V4 = N Z(X,- —|—U,- )a Ul- = U,' +X’- —Z
i=1

» Each agent minimises its own f; in parallel
» Coordinator computes the mean (all-reduce)

General graph: replace the mean with message passing on the network graph;
convergence follows from the DR equivalence on the edge-node incidence structure.
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Example: Lasso via ADMM

L 1 2
minimize 2 [|Cx — dI|” + pu [Ix[l;
Introduce z = x, write as minimize, , f(x) + g(z) s.t. x —z=0:
ADMM updates:

XL = (CTC+oI) 1 (CTd + 0z — y¥) [linear system, pre-factor!]

K = proxH/Q”,Hl(x"J“1 + uk) [soft thresholding, O(n)]

k

y +1 — yk + Q[Xk+1 _ Zk+1]

» Factor C' C + oI once; each iteration costs one backsolve + soft thresholding.
» Handles efficiently large-scale instances.
» Change g to get elastic net, group lasso, fused lasso: same x-update!
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Connections Between Methods

[Alternating Projections}
A

f=éc,g=dp

[ Peacema n—Rachford]

s 4

[ Douglas—Rachford }

f smooth

[ Forward—‘I;ackward }

dual + splitting (
> rowm |

no block splitting

Y
[Method of Multipliers / ALM]
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Performance Estimation Problems (PEP)
Question: What is the exact worst-case convergence rate of an algorithm?

Drori & Teboulle [DT14], Taylor, Hendrickx & Glineur [THG17]

Performance Estimation Problems:
1. Fix algorithm A running N steps on function class. F ,
2. Worst-case over all f € F , and initial conditions:
sup  O(x%,xt, ..., xN).
feF,x0
3. Interpolation conditions for F , are linear in the Gram matrix of inner products
Gj=(x"—x,g" —¢g/).
4. The supremum becomes a finite-dimensional SDP—solvable numerically.

Outputs:
» Tight worst-case bound
» Worst-case function as a certificate
» PEPit [GMG™24]: open-source python package
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